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Abstract. In this paper, we present a hybrid neural-network and MAC (Marker-And-

Cell) scheme for solving Stokes equations with singular forces on an embedded inter-

face in regular domains. As known, the solution variables (the pressure and velocity)

exhibit non-smooth behaviors across the interface so extra discretization efforts must be

paid near the interface in order to have small order of local truncation errors in finite

difference schemes. The present hybrid approach avoids such additional difficulty. It

combines the expressive power of neural networks with the convergence of finite differ-

ence schemes to ease the code implementation and to achieve good accuracy at the same

time. The key idea is to decompose the solution into singular and regular parts. The

neural network learning machinery incorporating the given jump conditions finds the

singular part solution, while the standard MAC scheme is used to obtain the regular part

solution with associated boundary conditions. The two- and three-dimensional numer-

ical results show that the present hybrid method converges with second-order accuracy

for the velocity and first-order accuracy for the pressure, and it is comparable with the

traditional immersed interface method in literature.

AMS subject classifications: 35J25, 65N06, 68T07
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1. Introduction

In this paper, we consider d-dimensional (d = 2 or 3) Stokes equations in a regular

domain Ω ⊆ Rd , in which an embedded interface Γ with codimension d − 1 (assumed

to be smooth and closed) separates the domain into Ω− and Ω+. Denoting the interface
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position by X, an interfacial force F(X) defined only along the interface Γ is exerted to the

surrounding fluid and affects the flow behavior accordingly. Assuming that the viscosity

of both fluid subdomains are identical, one can write a single Stokes fluid system with an

external body force g, viz.

−∇p(x) +µ∆u(x) +

∫

Γ

F(X)δd(x−X) dX+ g(x) = 0, x ∈ Ω,

∇ · u(x) = 0, x ∈ Ω,

u(x) = ub(x), x ∈ ∂Ω,

(1.1)

where u(x) and p(x) are the velocity and the pressure, respectively, µ is the constant viscos-

ity, and ub(x) is the velocity boundary condition. Notice that, the force term appeared in the

first equation is singular and expressed in the Immersed Boundary (IB) formulation [17]

in which the integral involves a d-dimensional Dirac delta function δd over a (d − 1)-

dimensional surface resulting in one-dimensional delta function singularity. The above

system (1.1) can be solved efficiently by the IB method [17, 21]. That is, the integral in-

volving the delta function δd (line integral for d = 2 and surface integral for d = 3) can be

regularized via a discrete delta function (a regularized form of the Dirac delta function) so

the interfacial force F can be spread into the fluid grid points near the interface. However,

this singular force spreading process results in first-order accuracy for the velocity [16] and

has O (1) error for the pressure [2].

Due to the delta function singularity in Eq. (1.1), the pressure and velocity are no longer

smooth across the interface so that the problem can be reformulated as the immersed in-

terface formulation [13]

−∇p(x) +µ∆u(x) + g(x) = 0, x ∈ Ω− ∪Ω+, (1.2)

∇ ·u(x) = 0, x ∈ Ω− ∪Ω+, (1.3)

u(x) = ub(x), x ∈ ∂Ω, (1.4)

where the pressure and velocity fields are subjected to the following jump conditions (see

the derivation in [11]):

¹p(X)º = Fn(X), X ∈ Γ , (1.5)

¹u(X)º = 0, µ

�
∂ u

∂ n
(X)

�
= −
�
F(X)− Fn(X)n(X)

�
, X ∈ Γ . (1.6)

Here, Fn(X) = F(X) ·n(X) denotes the normal component of the interfacial force with n(X)

being the unit outward normal vector at X ∈ Γ . We use the double bracket ¹·º to denote the

jump of a quantity evaluated by the quantity from the Ω+ side minus the one from the Ω−

side. From the jump condition (1.5), one can see that the pressure is discontinuous across

Γ when Fn 6= 0. Also, from the jump condition (1.6), the velocity is continuous across the

interface while its normal derivative is discontinuous and determined by the tangential part

of F. As a result, the velocity has a cusp behavior across the interface Γ .

As mentioned above, the pressure and velocity exhibit non-smooth behaviors across

the interface, so extra discretization efforts must be paid near the interface in order to
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have small order of local truncation errors in finite difference schemes. A commonly used

method is the Immersed Interface Method (IIM) [13] that incorporates the jump condi-

tions into finite difference discretization on a uniform Cartesian grid and hereby achieves

second-order convergence. Various versions of IIM can be found in [4,12,14,24] and refer-

ences therein. However, the implementation of jump incorporations could be tedious when

dealing with complex interface geometry, especially in three-dimensional problems.

Until recent years, a new approach called physics-informed neural networks (PINNs)

[18], was proposed to solve partial differential equations using machine learning method-

ology. The idea of PINN is to find a neural network approximate solution that minimizes

the mean squared error loss consisting of the residuals of underlying differential equations

along with boundary and initial conditions. Inspired by PINN, the authors have developed

a series of structure-preserving neural network methods to solve elliptic interface prob-

lems [8, 23] and Stokes interface problems [22] that are able to capture the solution and

derivative jump discontinuities sharply. These neural network solvers are mesh-free, so the

correction of local truncation errors near the interface can be completely avoided. The re-

sults (in terms of accuracy) are also comparable with the ones obtained from traditional

IIM mentioned above. Other related works on the elliptic interface problem include the

deep unfitted Nitsche method proposed by Guo et al. [6] and the convergence of PINNs

method shown by Wu et al. [25]. Nevertheless, so far all the neural network solvers do

not show a clean rate of convergence observed in traditional finite difference and finite

element methods. So in [9], the authors have developed a novel hybrid method that inher-

its both advantages of neural network approach and traditional finite difference method

to solve Poisson interface problems. The entire computation only comprises a supervised

learning task for function approximation and a fast direct solver for the Poisson equation,

which can be easily and directly implemented regardless of the interface geometry. More

importantly, this hybrid method shows second-order convergence in the numerical results.

In this paper, we aim to extend this hybrid methodology for Poisson interface problem to

the Stokes interface problem (1.2)-(1.4) with the jump conditions (1.5)-(1.6). Again, the

whole computation of the proposed method simply consists of a supervised learning task

and a regular Stokes solver. We should emphasize that we do not attempt to make a rig-

orous competition or comparison with existing traditional methods. Instead, we provide

an alternative easy-to-implement way to solve Stokes interface problems by leveraging the

strengths of machine learning approach and finite difference method.

The rest of the paper is organized as follows. In Section 2, we present the hybrid

methodology with detailed implementations. Numerical results for Stokes interface prob-

lems are given in Sections 3, followed by some concluding remarks and future work in

Section 4.

2. Hybrid Methodology for Stokes Interface Problems

From the jump conditions (1.5)-(1.6), it is clear to see that both the pressure and ve-

locity of the Stokes equations are piecewise-smooth due to the presence of the interface Γ .

The key idea of the present hybrid approach is to decompose the solution variables into
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two distinct parts; namely, the singular and regular parts as

p(x) = pr(x) + ps(x), (2.1)

u(x) = ur(x) + us(x), (2.2)

where the subscript r and s denote the regular (smooth) and singular (non-smooth) com-

ponent, respectively. More precisely, we hope that the regular part solutions pr and ur are

fairly smooth over the entire fluid domain Ω so no jumps occur across the interface. That

is, we need to impose ¹prº = 0 and ¹urº = µ¹∂ ur/∂ nº = 0 across the interface. On the

other hand, the singular part solution variables ps and us are responsible for having all dis-

continuous contributions. Thus we can easily derive from the jump conditions (1.5)-(1.6)

and the decompositions (2.1)-(2.2) that

¹ps(X)º = Fn(X), X ∈ Γ , (2.3)

¹us(X)º = 0, µ

�
∂ us

∂ n
(X)

�
= −
�
F(X)− Fn(X)n(X)

�
≡ −Fτ(X), X ∈ Γ . (2.4)

For the sake of brevity, we use the term Fτ to represent the tangential force. In the follow-

ing sections, we shall explain how to obtain singular and regular solutions in a sequential

manner using our proposed hybrid methodology.

2.1. Singular part solution

The singular part solution is found by a supervised learning for neural network function

approximations as follow. As mentioned earlier, both ps and the derivatives of us should

be discontinuous across the interface. To this end, we formally define the singular part

solution in a piecewise manner as

ps(x) =

¨
P (x), if x ∈ Ω−,

0, if x ∈ Ω+,
and us(x) =

¨
U (x), if x ∈ Ω−,

0, if x ∈ Ω+,
(2.5)

where P andU are neural network functions to be found. Plugging the above expression

into the jump conditions (2.3)-(2.4), we immediately derive that the unknown function P

and U must fulfill the following constraints along the interface:

P (X) = −Fn(X), X ∈ Γ , (2.6)

U (X) = 0, µ
∂U (X)

∂ n
= Fτ(X), −∇P (X) +µ∆U (X)− ¹g(X)º = 0, X ∈ Γ . (2.7)

Note that, the third constraint of Eq. (2.7) is requested to have sufficient smoothness for

the regular part solution (see Eq. (2.10)). We shall examine this additional condition later

in the next subsection.

In this paper, we utilize the standard supervised learning methodology to find the above

unknown functionsP andU representing by the corresponding neural networks. We must

point out that, it is not necessary to train a network model consisting of a (P ,U ) pair to
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fulfill Eqs. (2.6) and (2.7) simultaneously, although it seems that both of them are coupled

together due to the third constraint of Eq. (2.7). In fact, such P and U are not unique

in the sense that there exists infinitely many functions defined in the whole domain Ω that

satisfy the restrictions (2.6) and (2.7) along Γ . This observation provides us some kind of

freedom to determine P and U separately. Thus, we can first learn P to fulfill Eq. (2.6),

and then use the obtained P to learn U through Eq. (2.7) accordingly.

Let us illustrate the full training procedure in details. Firstly, we determine P to fulfill

the restriction (2.6) via a mean squared error (MSE) loss model. That is, given a dataset

with M training points {Xi ∈ Γ }Mi=1, the corresponding loss function is defined by the MSE

of the condition (2.6) as

LossP (θ ) =
1

M

M∑

i=1

�
P (Xi;θ ) + Fn(X

i)
�2

, (2.8)

where θ collects all trainable parameters (weights and biases) of P . Once P is trained,

we learn the vector function U that satisfies the constraints in Eq. (2.7). (Notice that

U = (U1,U2) for d = 2 and U = (U1,U2,U3) for d = 3 case.) One could build a multi-

output network to representU , however, training the network is challenging because more

terms are used in the whole loss function. Instead, here, we construct independent single-

output networks to learn each component of U . This step allows us to obtain all U j using

parallel computations since all of them are decoupled (see Eq. (2.7)). Using the same

training data points, we train each U j again by the MSE of Eq. (2.7) as

LossU j
(θ j) =

1

M

M∑

i=1

�
�
U j(X

i;θ j)
�2
+

�
µ
∂U j

∂ n
(Xi;θ j)− Fτ j

(Xi)

�2

+

�
−
∂P

∂ x j

(Xi;θ) +µ∆U j(X
i;θ j)− ¹g j(X

i)º
�2�

, (2.9)

where θ j denotes the trainable parameters of U j, Fτ j
and g j represent the j-th element

of Fτ and g, respectively. One should note that, although we train the above network

functions using only training data points along Γ , the trained functions are defined in the

whole domain thanks to the expressive power of the neural networks. The spatial partial

derivatives of the network functions appearing in the above loss models can be directly

evaluated using automatic differentiation. We employ the Levenberg-Marquardt method

[15], a particularly designed efficient optimizer for nonlinear least-squares problems, to

minimize the loss models (2.8) and (2.9). With both P and U (thus the singular part

solution ps and us) in hand, we are ready to find the regular part solution in the following

subsection.

2.2. Regular part solution

Once we obtained the singular part solution via the neural network learning machinery,

our next step is to solve the regular parts for pr and ur . Substituting the decompositions
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(2.1) and (2.2) into the Stokes equations (1.2)-(1.4), we immediately find that the regular

part solution must satisfy the following Stokes-like system:

−∇pr(x) +µ∆ur(x) =∇ps(x)−µ∆us(x)− g(x), x ∈ Ω, (2.10)

∇ · ur(x) = −∇ ·us(x), x ∈ Ω, (2.11)

ur(x) = ub(x), x ∈ ∂Ω, (2.12)

where the boundary condition for ur (2.12) is straightforwardly derived using Eq. (1.4)

and the definition of us in Eq. (2.5). Based on the above system, it is apparent to see that

the solution pair (ur , pr) satisfies the Stokes-like equations but the regular velocity is not

divergence-free. Since we do not require the singular part solution to be divergence-free,

the regular part solution must be compromised so that the resulting velocity is divergence-

free. In order to obtain smooth pressure and velocity for the regular part, the right-hand

side of Eq. (2.10) must exhibit zero jump discontinuity across the interface which can be eas-

ily seen from the third constraint in Eq. (2.7). Meanwhile, the right-hand side of Eq. (2.11)

also has zero jump across the interface since ∇·U = 0 on Γ . To see this, one can write the

divergence of U as

∇ ·U =∇s · U +
∂U

∂ n
· n,

where the notation ∇s represents the surface gradient operator involving the derivatives

along the surface Γ . From the first constraint of U = 0 on Γ in Eq. (2.7), we can conclude

that all surface derivatives are zero leading to∇s·U = 0. And, from the second constraint in

Eq. (2.7), the normal derivative ofU has only tangential components leading to (∂U /∂ n)·

n= 0 as well. Therefore, we have ∇ ·U = 0 on the interface.

Now, the regular system (2.10)-(2.12) can be discretized by the well-known MAC sche-

me [7] and solved by the Uzawa-type algorithm [20]. More precisely, the resultant linear

system is a saddle point problem as

�
L G

G⊤ 0

��
ur

pr

�
=

�
∇ps −µ∆us − g

−∇ · us

�
+

�
f(ub)

h(ub)

�
, (2.13)

where L denotes the usual five-point discrete Laplacian operator µ∆h applying to ur , G is

the central difference gradient operator −∇h to pr , and G⊤ is the central difference diver-

gence operator ∇h· to ur . Note that, those difference operators are all performed on the

MAC grid. In the right-hand side of the matrix equation (2.13), the first term involving the

computation of derivatives of the singular part solution at those MAC grid (only inside the

interface needed due to the definition (2.5)) can be done by automatic differentiation [5].

For instance, the term ∆us can be computed as follows. Once U is learned, the singular

part solution us is obtained. By the definition of us, we thus have ∆us(x) = 0, x ∈ Ω+,

and ∆us(x) = ∆U (x), x ∈ Ω−, where ∆U can be calculated directly by automatic dif-

ferentiation. The second term is associated with boundary condition of ur induced by the

discretization operators L and G⊤. Here, we use the linear interpolation to approximate

the velocity ur at the ghost points near the boundary. Notice that, the MAC scheme has the

advantage that no boundary condition for the regular pressure pr is needed.
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Rewriting the above linear system as

�
L G

G⊤ 0

��
ur

pr

�
=

�
b1

b2

�
,

we can find its solution by the Schur complement technique [10]. Using the block LU

decomposition, one can further rewrite the system as

�
L 0

G⊤ −G⊤L−1G

��
I L−1G

0 I

��
ur

pr

�
=

�
b1

b2

�
, (2.14)

where I is the identity matrix. Then, we can solve the above linear system (2.14) via the

following fractional steps by first introducing the intermediate velocity u∗ = ur+(L
−1G)pr :

1. Solve Lu∗ = b1 to obtain the intermediate velocity field u∗. Notice that, this comprises

a fully decoupled linear system of Poisson equation for each component of u∗, so we

need to apply two (d = 2) or three (d = 3) fast Poisson solvers that can be efficiently

done using the public software package such as Fishpack [1] or Fast Fourier Transform

(FFT).

2. Solve (−G⊤L−1G)pr = b̃2−G⊤u∗ using the conjugate gradient method. In each itera-

tion step, a matrix-vector multiplication (−G⊤L−1G)ψ for some vectorψ is required;

the inversion of L−1 again can be performed efficiently by the fast Poisson solvers

mentioned in Step 1. We must emphasize that, since the kernel of the underlying

matrix −G⊤L−1G is obviously spanned by the constant vector 1= [1,1, · · · , 1]⊤, here

we use the modified right-hand side vector b̃2 = b2 − 1⊤b2/‖1‖
2 instead of the orig-

inal b2. That is, we project b2 into the solution space to guarantee the existence of

the solution pr . The iteration stops whenever the system residual is less than 10−12.

3. Compute the regular part velocity ur = u∗− (L−1G)pr . Again, this involves the usage

of the fast Poisson solvers.

As a conclusion for the computational complexity, the overall cost in the above three steps

can be counted in terms of the number of fast Poisson solvers being applied.

2.3. Summary of the hybrid method

Let us summarize the step by step procedure of the proposed hybrid method.

1. Use neural network learning machinery to constructP andU , and form the singular

part solution ps and us.

2. Apply the MAC scheme to discretize the Stokes-like system and use the Uzawa-type

algorithm to find the regular part solution for the velocity ur and pressure pr .

3. Add the singular and regular parts of solution to obtain the desired velocity u and

pressure p to the Stokes interface problem.
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Let us conclude this section by remarking several features of the present method in

the following. The proposed method builds upon the hybrid method introduced in [9] for

Poisson interface problem and extends to solve the Stokes interface problem. In contrast to

traditional sharp interface methods such as in [13], the present method avoids the effort of

careful constructing additional correction terms near the interface grid points to achieve de-

sired accuracy. We utilize a supervised learning technique for the singular part solution and

traditional finite difference scheme for the regular part solution. Once the network solution

P andU have been trained, they can be utilized to solve the problem for various grid sizes.

This allows adapting the method to different resolutions flexibly. Another notable advan-

tage is the ability to leverage well-established fast Poisson solvers, which facilitates the effi-

cient solution of linear systems arising in this method. This efficiency is crucial for practical

implementation and enables handling larger and more complex problems. Furthermore,

it is straightforward to extend the proposed method to multiple-interface problems. We

shall also point out that the numerical error of the present method is induced by the neu-

ral network approximations (optimization and approximation errors) and finite difference

discretizations (truncation error). Despite that, we can observe the numerical convergence

behavior in our results shown in the next section which is hardly seen in complete neural

network approaches.

3. Numerical Results

In this section, we perform a series of numerical tests to validate the efficiency and con-

vergence of the proposed method. For all examples, we fix the constant viscosity by µ = 1.

We use the sigmoid function as the activation function for the neural networks to approx-

imate P and U , and stop the network training once the loss value reaches the threshold

10−10. All the problems considered here are defined on regular domains with a uniform

layout of N d grid points. The numerical experiments were conducted on a PC equipped

with an Intel Core i7-13700 CPU and 128GB RAM which gives sufficient computational

resources for all the tests.

Example 3.1. The first example, referred from the 2D IIM Stokes solver in [3], aims to

validate the convergence property of the present hybrid method. The domain is set as Ω=

[−2,2]2 with a unit circular interface, Γ = {X(θ) = (cosθ , sinθ) |θ ∈ [0,2π)} immersed

in the domain. The interfacial force consists of both tangential and normal components as

F(X(θ)) = 2 sin(3θ)τ(θ) − cos3(θ)n(θ) in which the tangent vector can be calculated by

τ(θ) = X′(θ) = (− sinθ , cosθ) and the normal vector thus is n(θ) = (cosθ , sinθ).

The exact velocity u= (u1,u2) written in polar coordinates is chosen by

u1(r,θ) =






1

8
r2 cos(2θ) +

1

16
r4 cos(4θ)−

1

4
r4 cos(2θ), if r < 1,

−
1

8
r−2 cos(2θ) +

5

16
r−4 cos(4θ)−

1

4
r−2 cos(4θ), if r ≥ 1,
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u2(r,θ) =






−
1

8
r2 sin(2θ) +

1

16
r4 sin(4θ) +

1

4
r4 sin(2θ), if r < 1,

1

8
r−2 sin(2θ) +

5

16
r−4 sin(4θ)−

1

4
r−2 sin(4θ), if r ≥ 1,

while the exact pressure written in Cartesian coordinates (x = r cosθ , y = r sinθ) is given

as

p(x , y) =

¨
x3 + cos(πx) cos(πy), if r < 1,

cos(πx) cos(πy), if r ≥ 1.

With the above exact velocity and pressure, we can obtain the external force g = (g1, g2)

in Cartesian coordinates accordingly as

g1(x , y) =






−π sin(πx) cos(πy) + 6x2− 3y2, if r < 1,

−π sin(πx) cos(πy)−
3(x4 − 6x2 y2 + y4)

(x2 + y2)4
, if r ≥ 1,

g2(x , y) =






−π sin(πx) cos(πy)− 6x y, if r < 1,

−π sin(πx) cos(πy)−
12(x3 y − x y3)

(x2 + y2)4
, if r ≥ 1.

As discussed earlier, we first learn the neural network functions P and U using the

losses of Eq. (2.8) and (2.9), respectively. Then we use the learned functions to obtain the

singular part solution for all various grid sizes. Theoretically, one might want to choose the

number of training points on the interface M to be linearly scaled with the grid number

N accordingly so that mesh resolutions on the interface and the domain can be consistent.

However, for the sake of efficiency, we simply choose the number M to have a successful

training (the loss value reaches the threshold 10−10). Here, we set the number M = 400

based on the grid size N = 256 so that mesh resolutions on the interface and the domain are

almost the same. We train three independent shallow (one-hidden-layer) neural networks

(one for P and the other two for U = (U1,U2)) with 50 neurons in the hidden layer

and M = 400 randomly sampled training points along the interface Γ . The training results

are shown in Table 1. Within a few hundred epochs, the training losses decrease to below

10−10, and the training time take less than three seconds.

In Table 2, we report the L∞-errors as well as the corresponding rates of convergence

of the numerical velocity u = ur+us = (u1,u2) and pressure p = pr+ps. As seen clearly, all

the fluid variables achieve approximately second-order convergence, and the magnitudes

Table 1: Elapsed time for training the singular part solution in Example 3.1.

training time (s) final training loss epochs

P 0.13 8.949e-11 54

U1 2.63 9.878e-11 328

U2 2.94 3.920e-11 353
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Table 2: Mesh refinement results of the 2D Stokes interface problem on N 2 grid points in Example 3.1.

N e∞(u1) rate e∞(u2) rate e∞(p) rate e∞(∇ · u)

32 2.714e-02 - 2.062e-02 - 9.804e-02 - 3.742e-05

64 6.108e-03 2.15 4.685e-03 2.14 3.488e-02 1.49 1.209e-06

128 1.553e-03 1.98 1.256e-03 1.90 8.477e-03 2.04 3.580e-07

256 3.578e-04 2.12 2.870e-04 2.13 2.418e-03 1.81 5.664e-07

512 8.952e-05 2.00 7.571e-05 1.92 6.015e-04 2.01 5.866e-07

1024 2.116e-05 2.08 2.140e-05 1.82 1.547e-04 1.96 5.899e-07

of error are comparable with the ones obtained by IIM [12]. Although this particular choice

of number M = 400 is based on the grid size used N = 256, we further run the tests for

the finer cases N = 512,1024, and the results keep the second-order convergence. It seems

that the network solution for the singular part is sufficiently accurate so it does not pollute

the overall accuracy. In other words, the rate of convergence is completely determined by

the computation of the regular part solution in this example.

Furthermore, we also check the divergence-free condition by computing the L∞-error

of ∇ · u, denoting by e∞(∇ · u) = ‖∇h · ur +∇ · us‖∞. Here, the regular part divergence

is calculated by applying the usual finite difference scheme to ur on MAC grid while the

singular part divergence is calculated directly by applying the automatic differentiation to

us at the same positions as the regular part. (In fact, we only need to compute the singular

part divergence ∇ · us in the sub-domain Ω− since it is zero in Ω+ by definition.) One can

see that the L∞-error of ∇ · u can be reached up to the order of magnitude 10−7 after the

grid point N = 128 is used. Thus, the present methodology preserves the divergence-free

condition quite well.

Example 3.2. This example will showcase the reliability of our hybrid method in the

scenario when the exact solution is unavailable. In this test, an elliptical interface Γ =

{X(θ) = (0.5 cosθ , 0.3 sinθ) |θ ∈ [0,2π)} is immersed in the square domain Ω = [−1,1]2

while the interfacial force comprises a curvature normal force and tangential force as

F(X(θ)) = 0.1κ(θ)n(θ) − 0.1τ(θ), where κ(θ) denotes the local curvature at X(θ). The

fluid boundary condition ub is obtained by using the spectrally accurate boundary integral

method [19] with free-space Stokeslets kernel — i.e. u(x)→ 0 as ‖x‖ →∞.

We follow the same setup for the network training procedure as in Example 3.1; namely,

we train three independent shallow neural networks with 50 neurons in the hidden layer

and 400 randomly sampled training points along the interface Γ . The training results are

Table 3: Elapsed time for training the singular part solution in Example 3.2.

training time(s) final training loss epochs

P 0.28 4.870e-11 150

U1 7.64 8.742e-11 878

U2 7.86 8.118e-11 906
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shown in Table 3. In fewer than 1000 epochs, the training losses decrease to below 10−10,

and the training process takes less than eight seconds.

To measure the convergence of the solutions, since the explicit solution is not available,

we compute the error in a successive manner with ‖φN −φ2N‖∞, where φN denotes some

fluid variable solution with the grid number N . It is worth mentioning that the interpolation

on the MAC grid layout is not straightforward since the solutions at different resolutions

would not coincide at the same location. In the present method, we simply apply the linear

interpolation to the regular part solution and use neural network approximation for the

singular part solution at target grid points.

The mesh refinement results are shown in Table 4. When increasing the grid number, all

numerical solutions converge with roughly second-order accuracy. In addition, we compute

the interfacial velocity (uΓ
1
,uΓ

2
) at the discrete marker points {(0.5 cos(θk), 0.3 sin(θk))|θk =

2kπ/64, k = 1,2, · · · , 64}. Again, this is done by the interpolation technique aforemen-

tioned. Referring the exact solution obtained by the boundary integral method with spec-

tral accuracy [19], Table 5 indicates that the numerical interfacial velocity obtained by the

present method also attains second-order convergence.

Lastly, to illustrate the ability of our method in capturing the derivative discontinu-

ities for the velocity field and the jump discontinuity for the pressure, we show the cross-

sectional views of the numerical velocity field and pressure in Fig. 1. It can be clearly seen

that the cusp (derivative discontinuity) for the velocity and jump for the pressure occur at

the interface.

Table 4: Mesh refinement results of the 2D Stokes interface problem on N 2 grid points in Example 3.2.

N e∞(u1) rate e∞(u2) rate e∞(p) rate

32 1.638e-03 - 1.002e-03 - 2.267e-02 -

64 4.465e-04 1.87 2.579e-04 1.96 6.514e-03 1.80

128 1.071e-04 2.06 6.371e-05 2.02 1.635e-03 1.99

256 2.698e-05 1.99 1.604e-05 1.99 5.843e-04 1.48

Table 5: Mesh refinement results of the interfacial velocity (uΓ
1
, uΓ

2
) in Example 3.2. We use the results

of boundary integral method [19] as the exact solution and compute the errors.

N e∞(u
Γ

1
) rate e∞(u

Γ

2
) rate

32 4.507e-04 - 6.773e-04 -

64 9.893e-05 2.19 1.352e-04 2.33

128 2.666e-05 1.89 2.117e-05 2.67

256 6.565e-06 2.02 4.518e-06 2.23

Example 3.3. Now, we proceed to solve the test example referred from [24] for three-

dimensional Stokes interface problem in the cubic domain Ω= [−2,2]3. The interface Γ is

simply described by the unit sphere Γ = {X= (x , y, z) | x2+ y2+ z2 = 1}. Here, we choose

the exact velocity u= (u1,u2,u3) as
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Figure 1: The cross-sectional plots of the velocity field and pressure along the grid lines in Example 3.2.
The mesh width is h = 2/N with N = 512. (a)u1 along the grid line x = 0; (b) u1 along the grid line
y = h/2; (c) u2 along the grid line y = 0; (d) u2 along the grid line x = h/2; (e) p along the grid line
x = h/2; (f) p along the grid line y = h/2.

u1(x , y, z) =



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1

4
yz, if x ∈ Ω−,
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yz(x2 + y2 + z2), if x ∈ Ω+,
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u2(x , y, z) =






1

4
xz, if x ∈ Ω−,

1

4
xz(x2 + y2 + z2), if x ∈ Ω+,

u3(x , y, z) =






−
1

2
x y(1− x2 − y2), if x ∈ Ω−,

−
1

2
x yz2, if x ∈ Ω+,

and the exact pressure p

p(x , y, z) =






�
−

3

4
x3 +

3

8
x

�
yz, if x ∈ Ω−,

0, if x ∈ Ω+.

One can accordingly obtain the external force field g = (g1, g2, g3) given by

g1(x , y, z) =






�
−

9

4
x2 +

3

8

�
yz, if x ∈ Ω−,

−
7

2
yz, if x ∈ Ω+,

g2(x , y, z) =






�
−

3

4
x3 +

3

8
x

�
z, if x ∈ Ω−,

−
7

2
xz, if x ∈ Ω+,

g3(x , y, z) =






�
−

3

4
x3 −

45

8
x

�
y, if x ∈ Ω−,

x y, if x ∈ Ω+.

The interfacial force can be derived from the exact velocity and pressure given above. Also,

the boundary conditions are given by the exact velocity.

We use a one-hidden-layer neural network with 50 neurons for the pressure and one-

hidden-layer neural network with 100 neurons for each component of the velocity to train

the networks. The training data is generated by choosing 1000 random points on the

sphere. The training results are shown in Table 6. Again, the pressure only takes less

than one second to train, while each velocity component takes about 10-20 seconds.

In Table 7, we show the L∞-errors and rates of convergence of the numerical solu-

tions. The velocity shows clear second-order convergence, while the pressure is reduced to

first-order only. Although not shown here, the largest numerical errors for the computed

pressure occur at the corners of the cube. We believe that employing the quadratic inter-

polation to approximate the velocity ur at the ghost points near the boundary could help

reduce this error.
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Table 6: Elapsed time for training the singular part solution in Example 3.3.

training time(s) final training loss epochs

P 0.43 7.347e-11 181

U1 13.02 8.118e-11 803

U2 12.07 6.640e-11 764

U3 19.06 8.268e-11 1246

Table 7: Mesh refinement results of the 3D Stokes interface problem in Example 3.3.

N e∞(u1) rate e∞(u2) rate e∞(u3) rate e∞(p) rate

16 3.626e-02 - 3.626e-02 - 2.258e-02 - 1.283e+00 -

32 1.041e-02 1.80 1.041e-02 1.80 6.534e-03 1.79 7.553e-01 0.76

64 2.768e-03 1.91 2.768e-03 1.91 1.773e-03 1.88 4.137e-01 0.87

128 7.123e-04 1.96 7.123e-04 1.96 4.653e-04 1.93 2.177e-01 0.93

Example 3.4. In this example, we solve a three-dimensional Stokes interface problem with

an oblate spheroid as the interface. The domain is a cube Ω = [−1,1]3. The interface is

given by

Γ =
�
X= (x , y, z) | x2/0.52 + y2/0.52 + z2/0.32 = 1

	

that can be parameterized by X(θ ,ϕ) = (0.5 cosϕ cosθ , 0.5 cosϕ sinθ , 0.3 sinϕ), where

θ ∈ [0,2π) and ϕ ∈ [−π/2,π/2]. Here, we simply take the interfacial force as the surface

tension force (with the constant surface tension to be one) as F = −2Hn, where H is the

mean curvature and n is the unit normal vector. The no-slip boundary condition ub(x) = 0

is applied along the boundary domain ∂Ω and the zero external force field g= 0 is assumed.

We use a one-hidden-layer neural network with 100 neurons for the pressure and two-

hidden-layer neural network with 30 neurons for each component of the velocity to train

the networks. The training points are generated by choosing 1000 random points on the

interface. The training results are shown in Table 8.

As in Example 3.2, the explicit formulas for the solution are not available so we compute

the errors in the same manner as there. In Table 9, we see that the numerical results show

second-order convergence in the velocity, while first-order convergence in the pressure.

We further depict the cross-sectional view of the flow quiver (u1,u3) along the plane y =

2/h in Fig. 2. One can see that, the flow tends to reduce the absolute magnitudes of the

Table 8: Elapsed time for training the singular part solution in Example 3.4.

training time(s) final training loss epochs

P 10.097 1.850e-16 3000

U1 121.154 8.999e-13 2519

U2 142.336 2.346e-12 3000

U3 144.442 1.399e-12 3000
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Table 9: Mesh refinement results of the 3D Stokes interface problem in Example 3.4.

N e∞(u1) rate e∞(u2) rate e∞(u3) rate e∞(p) rate

32 7.694e-03 - 5.531e-03 - 1.131e-02 - 1.057e+00 -

64 2.096e-03 1.88 1.418e-03 1.96 3.169e-03 1.84 5.731e-01 0.88

128 5.429e-04 1.95 4.326e-04 1.71 8.681e-04 1.87 2.945e-01 0.96
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Figure 2: Quiver plot for (u1, u3) along the plane y = h/2 in Example 3.4. The mesh width is h = 2/N
with N = 128. The color indicates the absolute magnitude of the velocity field.

mean curvature along the interface and relaxes to a spherical shape. This instant flow

tendency matches well with the simulations when the interface dynamics is considered.

Meanwhile, since the fluid is incompressible, we can see that two vortex dipoles (or four

counter-rotating vortices) occur near both sides. Therefore, our proposed hybrid method

is indeed able to predict physically reasonable results.

4. Conclusion and Future Work

In this paper, we present a hybrid neural-network and finite-difference method for solv-

ing Stokes equations with singular forces on an interface in regular domains. Overall speak-

ing, this hybrid method takes both advantages of neural network and finite difference

scheme. Our approach is based on decomposing the solution into two parts: the singu-

lar part captures the non-smooth solution behavior while the regular part represents the

smooth solution. To find the singular part, we make use of neural network function approx-

imators to learn the solution variables that satisfy certain constraints along the interface.

Once the singular part solution is obtained, the regular part can be solved via a Stokes-like

system using traditional MAC scheme. The overall computational costs can be calculated
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in terms of the number of fast Poisson solvers used in the iterations. Through several nu-

merical experiments, we demonstrate that the present hybrid method indeed obtains nu-

merical results with traditional convergence property for both two- and three-dimensional

Stokes interface problems. As a future work, we plan to apply the present method to solve

time-dependent dynamic interface problems for flows in different applications, such as the

vesicle hydrodynamics, electro-hydrodynamics, or phoretic systems.
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